Abstract. We give a necessary and sufficient condition for an intermediate Banach space A with respect to the Banach N + 1-tuple − → A to be partly interpolation space. We also establish some properties on partly interpolation spaces.
Introduction
It is well known that exist an intermediate space with respect to the triple (L 1 , L p , L ∞ ), 1 < p < ∞, which is partly interpolation space but not an interpolation space (see [3] , [4] , [5] , [6] ). Working with Banach couples, Dimitriev [4] and Pustylnik [6] have been introduce and studied the functions ψ, ρ which describe the "position" of the intermediate space within the Banach couple. They show that a necessary and sufficient condition for an intermediate Banach space A with respect to the Banach couple − → A to be a party interpolation space is that for some C > 0 it holds ψ(t) ≤ Cρ(t), for all t > 0. (1.1) This research was continued by Cobos and Romero [3] in the context of Ntuples of Banach spaces, by using the K-and J-functionals associated to a convex polygon in the plane. They show that the corresponding inequality (1.1) is a characterization of partly interpolation spaces only if N = 3. Our aim is to study this problem in the context of (N + 1)-tuples (N ≥ 2) of Banach spaces, by using Sparr's [7] K-and J-functionals. In this case the corresponding inequality (1.1) is a characterization of partly interpolation space for every finite N ≥ 2.
Preliminaries
is, a family of N + 1 Banach spaces A i all of them continuously embedded in a common Hausdorff topological vector space U (i.e. A i → U). For each t = (t 1 , . . . , t N ) > 0, Sparr's K-and J-functionals are defined by
is a Banach space with respect to the norm
A Banach space A is said to be an intermediate space with respect to
If B is an intermediate space with respect to
, the restriction of T to A defines a bounded operator from A into itself. Moreover, by the closed graph theorem, there exists a constant C = C(A,
We say that the intermediate space A is a partly interpolation space, or a rank-one interpolation space, if (2.1) holds for all T ∈ L(
We shall denote the set of partly interpolation spaces for the N + 1-tuple
and
To each intermediate space A we associate the Gagliardo completion of A (denoted by A
Σ( − →
A ) ), consists of all those a ∈ Σ( − → A ) for which there exists a bounded sequence (a n ) n∈N in A which converges to a in Σ( − → A ). It is normed by
It is easy to show (see [1] ) that
3 Partly interpolation spaces 
Proof. Assume that A is partly interpolation space and let C be the constant from (2.1) for one-dimensional operators. We prove that, for any a ∈ A and any b ∈ ∆( − → A ), we have
This can be done using ideas of [3] .
For a given a ∈ A we take the functional f ∈ Σ(
Take any b ∈ ∆( − → A ) and consider the one-dimensional operator T x = f (x)b. Then, for i ∈ 0, N , we have
Since A is partly interpolator space, from (2.1) we get that
But, from the definition of T we get
So, we obtain (3.2). From (3.2) follows (3.1). Conversely, suppose that (3.1) holds. Take any one-dimensional operator
For any a ∈ A, using (3.1) we get
Let a = N i=0 a i , with a i ∈ A i a decomposition of a such that: 
Proof. a) Suppose that lim
> 0. Then, by (3.1) we have lim t→∞ ψ(t) = C 1 < ∞. It follows that for each a ∈ A we have
, for all t = (t 1 , . . . , t N ) > 0, and all a ∈ ∆( − → A ).
Therefore
and, consequently ∆(
Proof. The implication ⇒ is trivial. Conversely, suppose that
. Then, by (2.1) we have
It follows that 
